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AVNER FRIEDMAN AND MARK A. PINSKY

ABSTRACT. Following Kasminski, we investigate asymptotic behavior of
solutions of linear time-independent Itd equations. We first give a sufficient con-
dition for asymptotic stability of the zero solution. Then in dimension 2 we de-
termine conditions for spiraling at a linear rate. Finally we give applications to
the Cauchy problem for the associated parabolic equation by the use of a

tauberian theorem.

Introduction. Consider a system of linear, constant coefficients differential

equations
il i ;
(0.1) = bix. (1<i<D

It is well known that the solutions of (0.1) are asymptotically stable if and only
if the eigenvalues of (b’zi) have negative real part. In case [ =2 the angular be-
havior can be determined, leading to the familiar cases of focal points, nodal
points and saddle points.

The corresponding problem for a system of Itd stochastic differential equa-

tions
I n . , 1 ; )
0.2) dx ; = Zl Zl oi.rx].dw + 2:1 blxl.a't 1<i<)
ji= r= i=

was first studied by Kasminski [5]. He decomposed the stochastic process into
its radial part r(¢) = |x(¢)| and its “‘angular’’ part A(7) = x(1)/|x(s)|. Assuming a
strong ergodicity condition for {A(¢), ¢ > 0}, he gave a necessary and sufficient
condition that H¢) — 0 a.s. when ¢ — . He did not examine, however, the be-

havior of {A(2), t> 0}. The first study of the angular behavior in the case [ =2
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was carried out by Kozin and Prodromou [6] who proved the existence of spirals
for certain examples.

The main contribution of the present paper is to the study of the angular be-
havior of {x(#), > 0} in the general case /= 2. The homogeneous form of (0.2)
implies (see §2) that {M1) = (cos ¢(2), sin (1)), t> 0} is a diffusion process
which can be determined by a single It equation on (-0, ):

(0.3) dd = o(¢p)dw + bl)dr.
In case 0() is never zero, the asymptotic behavior depends upon
(0.4) O g

()

We prove (Theorem 3.1) that if A > 0 (f\\l < 0) then a.s.

(0.5) lim

t—o00

exists and is a positive (negative) constant.

In case t?(qS) = 0 for some poin’s’s &, we ’Seed to examine the sign of ’l\;(qf)) at
these points. If, for instance, b(¢p) > 0 (5(4) < 0) at all the points where
0(¢) = 0, then (Theorem 3.3) the assertion (0.5) again holds. Although this re-
sult may be derived by employing the general classification of one-dimensional
diffusion, we give a new method of proof based on constructing certain “‘com-
parison functions’ for the differential generator of the angular process.

Finally, we compare the behavior of the solutions of (0.2) (/= 2) with the be-
havior in the deterministic case, achieving the surprising result (Theorem 5.2)
that if ’(}J(q_‘)) does vanish at some points then, whenever the solutions of (0.1)
spiral, the same is true of the solutions of (0.2).

In the final section we apply our results to the Cauchy problem
du/dt=Lu (t>0,x€R, u0,x)=/(x) (xeRrh,

where L is the differential generator of the diffusion process of (0.2) and /= 2.

We prove that whenever the solutions of (0.2) spiral, lim,_, ult, x) exists

provided f(x) = glé) (x = (r cos ¢, r sin ¢)). We also obtain results on the do-
main of dependence of the solution upon the initial data.

The asymptotic behavior of solutions of nonlinear stochastic differential
equations was studied in Freidlin [1] and in Friedman [3]. The limit theorems
obtained in these papers are of entirely different nature than those obtained in

the present work.

1. Properties of the radial motion. Consider a system of linear stochastic

differential equations
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dx, = Uﬁrxjdw' + bfx].dt 1<i<)),
(1.1)

0
x{0) = x;

where (wl(t),- oo, wN1)) are independent Brownian motions and cri.r, bi: are con-
stants, 1 <7, j<I, 1<r<n; we use the summation convention throughout. It is
always tacitly assumed that x(0) £ 0.

Kasminski [5] has observed that the solution of (1.1) can be written as
xi(t) = r(t))\i(t) where (A, (1), -, /\I(t)) is a Markov process on the sphere |A| =1
and A1) = |x(¢)| is an explicit functional of {A(z), ¢> 0}. In the case where the
A-process is ergodic, Kasminski presented a necessary and sufficient condition
that () — 0 when ¢ — . That condition, however, is of very limited use since
it requires an explicit knowledge of the invariant measure of the A-process. We
shall derive in this section a cruder but more easily verified stability condition
which does not depend on the ergodicity of the A-process.

The differential generator of the x(z) process is

1 < 9%u
(1.2) Lu = (Bx, grad u) +5 ig_;’l ai].(x) W’
where
! n .
(1.3) ai].(x)= > X ofro‘;rxkxs, B = Hbi"

k,s=1 r=1
If u=¢(r) where r=|x|, then
(1.4) Lp(r) = 7' (DO + % 728" (r) + 7' (D] (@A, ),
where A, = x,/|x| and
QW) = (BA,A) + Y% tr ad) = (aAA, 0.

Let us show as a preliminary step that, in general, the x(2) process does
not hit the origin.

Theorem 1.1. P{3:> 0 for which x(1) = 0} = 0.

Proof. Let ¢(7) = ™€ where ¢ is a fixed number in the interval (0,1). Using
(1.4) we get

Lep = (-0 + (/2) (@AW, M) ] < pgp
if

B> ‘sup HOMW) + % (aA, M) 1.
Al =1

By Itd’s formula, if f(x) is in C*(R™) then
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e P (%))
(1.5) s . , o+
=flx)+ 2 fo e /xi(x(s))oi.’x].(s)dw (s) + IO (Lf -pfde™Hds

1,],7
where t* is any bounded Markov time.

Now let {rn} be a decreasing sequence of radii tending to zero, and let fn(x)
be a C4(R!) function satisfying fn(x) =r¢ for r> 7, Set x, = x(0). If lxol >r,
and T = inffz; |x()| = rn} then, by (1.5) with f =/ and t*=t AT ,

E{e-#«(TnA‘)fn(x(t A Tn))} = /(xo) +E fot/\Tn (Lf = pufle=* ds < f(xo).

Let B be the event {w; inf, |x(t)| = 0}. Letting ¢ — o in the last inequality
and noting that [l A Tn)) = r;‘ if t> Tn, it follows, by the monotone conver-

gence theorem, that
- uT,
Ele ™ #Tnx /s < 1/1x ¢

Taking n — o, we obtain

E{e"“TxB}=0 where T = lim T,.

n — 00
Hence T = = a.s. on the set B. Thus, for almost all w € B, x(t) does not inter-
sect 0 at a finite time. Since for any w ¢ B, x(t) # 0 for all ¢ > 0, the proof of
the theorem is complete.

The next theorem establishes a simple sufficient condition for stability.

Theorem 1.2. If suPl)«I:IQ()\) = —a < Q then, for some constant C,

(1.6) Eflog ()} < C - at,
1.7) pfim o8 S—al - 1.
1 —00

Similarly, if inflM:lQ(A) =8> 0 then, for some constant C,

(1.8) Etlog r(t)} > ~C + Bt,
(1.9) P{li_m 1°gt’(‘) > ,8} _1.
1 —00

Proof. By Theorem 1.1, log 7(t) is a well-defined random variable for any
t > 0. From Itd’s formula and (1.4)

(1.10) log r(¢) = log #0) + fot ’C—ziai:rxjdw'(s) + fot O\ (s))ds.
r

Since the It5 integral has mean zero, whereas the Lebesgue integral is < -at,

the inequality (1.6) follows. To prove (1.7), we use the following lemma.
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Lemma 1.3. Let olt) be a nonanticipative functional of {w(t), t > 0},
lo(t)| < K. Then, a.s.,

1 (¢
1.11) = fo oAs)dw(s) =0 when 1 — oo
From this lemma it follows that a.s.
L5 .
' fO " Uirdwr(s) — 0 if t — oo,

T
Since also fé O(AX(s))ds < —at, the assertion (1.7) follows. The proof of (1.8),
(1.9) is similar.
Proof of Lemma 1.3. Let M > K and define
-1
T

Ty~ [l s W2, al= [ (ols) + M) duls).

(Since o+ M > 0, a(t) is well defined.) By [4, p. 32] or [7, p. 29], {a(t), ¢+ > 0}
is a Brownian motion. Consequently, a(¢)/t — 0, or a(Tt)/Tl — 0, when t — oo,
Noting that T, < (K + M)?%¢, it follows that

:_fo‘ (o(s) + M)dw(s) — O if t — oo

Since w(t)/t — 0 when t — o, (1.11) follows.

2. The case ! = 2; reduction to one equation. We now restrict ourselves to
systems in the plane, i.e., / = 2. We introduce polar coordinates (r, ¢) by x =
r cos ¢, y =7 sin ¢. From (1.1) we may formally compute the stochastic differ-
ential of ¢:

dp = dx + p dy + Yo, aydi+ b a ,dt + Vi a,,dt.
Noting that

, =—(sin /1, é, = (cos @)1, ¢ . =(2sin ¢ cos )/ 2,
by = (sin’¢ ~ cos’p)/r?, ¢yy = —(2 sin ¢ cos ¢)/7?,

we find that
(2.1) dp = (oA, Xydw” ~ {{aN, M) ~ (BX, X)) de

where o = "0:1’"’ A = (cos ¢, sin @), A* = (=sin ¢, cos ¢).

The above has the following meaning: equation (2.1), with initial condition
$(0) = ¢, defines a diffusion process in the interval —o < ¢ < co. In terms of
this process and the Brownian motions (w!(t),- .., w™t)), we define a process

7(t) by the equation

(2.2) (1) = 7 exp { fOt (o A(s), A(s))dw'(s)} exp { j;)t Q()\(s))ds}
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where Als) = (cos ¢(s), sin ¢(s)); this is motivated by (1.10). The pair y(z) =
(r(¢), () is a diffusion process on (0, o) x (o0, «). We now define x(¢) =
(e (0), x () where x,(¢) = 7(£) cos (t), x,(¢) = r(t) sin ¢(t). We claim

Theorem 2.1. {x(¢), ¢t > 0} is a diffusion process which can be obtained as a
solution of (1.1).

Proof. We have to verify the stochastic equations (1.1) for x(¢). We re-
sort to the general reasoning:

Write xi(t) = gi(y) where y = (yl , yz) and g is a global differentiable trans-
formation (r, ¢) — (r cos &, r sin ¢). The stochastic differential of x can be

computed by Itd’s formula (subscripts following commas denote partial derivatives)
(2.3) dxi = g’ikdyk + %g,ikldykdyl-

On the other hand, by definitions (2.1), (2.2), the stochastic differentials of.
(yl, Vz) = (r, #) were obtained in terms of the local inverse of g: x — f(x) =
((xf + xzz)%, tan_l(xz/xl)); thus

- [k 1/ /k
0 = /,idxi + /zf’ijdxidx].

= /ﬁ‘.(g(y)){air(g(y)) dw” + b (gly))di} + I/z/’li.j(g(y))a (g(y))o Lg(y))dr.

(Oir(z) = Oﬁrz]., bl.(z) = bi:zj) is the stochastic system defining the y-process. If
we now substitute (2.4) into (2.3), we get (omitting the arguments of g, f, 0, b)

dei=¢g k[/l AW+ (l//k %% /kb ddtl+ Y (g? szp Tl , qaqr)d‘

Since f and g are inverse functions (locally), it follows (by differentiating once
the relatlon f(gly)) = y) that / ;8" = akl and (by differentiating once the relation
/ 18! = 8 ) that g k/ 1m + /klg kp/p = 0. Using these relations in the last ex-
pression for dx,, we arrive at dx, = 0, dw” + b dt. This proves the theorem, and
thus completes the identification of the solution of (2.1) with the algebraic angle
of the original diffusion process x(¢).

As a final reduction we show that with a single Brownian motion we can ob-

tain a process equivalent, in the sense of joint distributions, to (2.1). Let

n Y
2.5) AHp) = (Z (o, A*>2> ,
r=1
2.6) B() = (BA, XYY = (2, A%)

~ ~ .
where 2 and B are as in (2.1). The functions 0, b are Lipschitz continuous

periodic functions with period 27. Let (,’5](!) be the solution of

@.7) S = by + [ AHp(Nduls) + [ blo(s)ds
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where {w(t), ¢ > 0} is a Brownian motion. An immediate calculation using Itd’s

formula shows that ¢(¢) and ¢,(t) have the same generator

T = % P)2 d2/dp? + blp) d/ db.
From the uniqueness of bounded solutions of the Cauchy problem for parabolic
equations [2] it follows that E/(¢1(t)) = Ef(é(t)) for any fe€ c?, [ bounded; here
#,(0) = $(0). The Markov property now implies that the joint distribution of the
processes ¢,(t) and ¢(s) agree.

In the following two sections, we shall study equations of the form (2.7).

3. One stochastic equation. We shall consider in this section one stochastic
equation

(3.1) dp = b(@)dt + olp)dw, $(0)=¢,
with uniformly Lipschitz continuous coefficients b(¢), o(¢), and with a(¢) > 0.

Theorem 3.1. Assume that ofz) > 0 for all real z and that b(z), o(z) are
periodic of period 2m. Let

2 b(2)
2 A= dz.
(3.2) "5
If A>0 then T =infit; () - ¢, = 2n} is integrable with ET >0, and
. &) 27
. P l — = =
©-3) R ECT,)

If A<O then T_, =infit; $t) — ¢ = —2n} is integrable with ET _ >0, and

. o(2) 27
(3.4) P {1lm,——=- }:1
) t— 1 E(T_l)
Finally, if A =0 then
(3.5) Pd,o{t@o (1) = m} -1,
(3.6) P, { Lim (ﬁ(t):—oo}: 1.
0(z—
Proof. Set
D(z) = exp {- fz 2b(w) du I, = fo ®(z)dz I, = foc ®(z)dz
P 0 52(,) ’ 17 Je ’ 2 Jo ’
For z positive,
fz 2b{u) du=2A[z/27]+ 6  (|6] < C', C' constant)
% 02(x)

where [a]denotes the largest integer < a. Therefore
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(3.7) D(z) = expi—-Az/7 + O(1)}.

The same relation holds for z negative. It follows that when A >0, /| =~ and
I, <. By Theorem 1 of [4, p. 119] we conclude that lim,_, #(t) = = a.s. To
prove the sharper result (3.3), we may take ¢, =0 and write P, =P, E =E.

Define successive Markov times

T, = inf{t > 0; &(s) = 2nn}.

We claim that
(3.8) E(Tl) > oo,

To prove it, denote by 7_ (a <0) the exit time of ¢(¢) from the interval (a, 2m).
Then (see (4, p. 109])

EG)=-[%20() [P —=
W==J 20 |, 2(2)0()

+{ [ 20ty [ Z(Z)q)(z)}(f 0G)dz /[ 27 CD(z)dz)

Using (3.7) one easily finds that E(ra) < C where C is a constant independent of a.
Since ra/ T1 as a \ —oo, E(Tl) <C.

Using the strong Markov property and the periodicity of b(z), o(z), it follows
that the random variables fT b(qS(s))ds (n = 1 2,---) are independent and
identically distributed. Since, by (3.8), also E|f0 1b(¢(s))ds| < o, we can apply

the strong law of large numbers to deduce that

(3.9

N(») T

Jo beNds = 30 [ 7 bgoNds 4 [ plgleNas

n-1 N(t)

T
~NOE [ b((s) ds

where N(t) is the largest n such that T <t The strong law of large numbers

applies also to {7, =T _ |} , , ... It shows that Nit) ~c t as t — = (c

constant). Thus we have
1 t .
- fo b(p(s))ds — ¢ if t — o (c constant).
But by Lemma 1.3,
l ft a(¢(s))dw(s) — 0 if t — oo,
t 0

Consequently, ¢(t)/t — c if t — o, a.s. In order to evaluate ¢, we sample the
process at t =T, T ,+++. Thus, 2n7 = ¢(Tn) ~cTl, ~ enE(T 1) where in the
last relation we have used the strong law of large numbers. It follows that 27 =
CE(TI), and (3.3) is proved. Note that since ¢ is a real number, E(Tl) £ 0.
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The proof of (3.4) is similar. Finally, if A =0 then I, = I, = = and (3.5),
(3.6) follow from Theorem 1 of [4, p. 119].
Remark. E(Tl) can be computed from the relations E(Tl) =lim__ _  Er,
and (3.9).
Consider next the case where o{z) vanishes on a sequence of points. Suppose
Bo<By<By<eo+<By<Brirs
(3.10) oAB,) = o) = -++ = olB,) = 0,

o(z) > 0 in the intervals (B’., Bj+1), 0<j<k
Consider first the case where

(3.11) b(B,)> 0, b(B,)>0, ---, b(8,)> 0.

Denote by 7 (a, b) the exit time of ¢it) from (a, b), where ¢(0) = x. We shall
prove

Theorem 3.2. Let (3.10), (3.11) bold. Then, for any a€ (By» B,) and for
any y € (Bk’ Bk+1)’

(3.12) Efr (a, Y <o if x € (a, y)
Furthermore,
(3.13) Plgptr (B, ) =yi=1 if x € (B}, Bp)

Note, by Theorem 2 of [4, p. 150], that if x = 8, then ¢(t) > B, a.s. for any
t>0.
Proof. For any € > 0 sufficiently small

(.14) b(x) > b,> 0 in the intervals (Bi -€ 'Bi +e), 1<i<k,

olx) > 0> 0 in the intervals (B;+¢ B,,;, - €, 0<i<k+1,

where b, is independent of € and 0, depends on €. We shall construct a piece-
wise C? function f(x) such that

(3.15) LI(x)<-v<0 in (a,y),

where Lu = %o0%" + bu'; [ and v will depend only on by» 0y, € and on an upper

bound on b.
We take € such that B+ e<a,y+e< Bk+1 and, for definiteness, suppose

that a <3, - e. We begin by taking
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(1/R01 - F& P17 in @, B, -0,
()= {-(x=B,+¢ in (B, - & B+,
~2e+ (/M1 - e)‘(’”ﬁl"e)] in (B, +6 B, - 2N
Then Lf(x) < —bo <0 in (Bl - €, Bl +¢€) and, for some positive number v,
Li(x) = —bek(x—ﬁl e _ ,‘/zkazek(x—ﬁl o o —v

in (a, ,31 - ¢) provided k is sufficiently large. Similarly Lf(x) <-v in (,31 + €
B, - €) if A is sufficiently large. Notice that f'(x) is continuous at x = B, te
but "(x) is discontinuous at these points.

Set [, = /(,32 -6, fy= eMP2=B1=20 14 define

—fz(x—Bz+e)+/2 in (B,-6B,+),

f(x) = R )
=2¢f, + f, + (/i1 - I (B, + e By —eh

Then ['(x) is continuous at x = B, Te but f“(x) is discontinuous at these
points. It is easily seen that Lf(x) <-v <0 in (B, -¢, B, +¢) and, if p is
sufficiently large, also in (ﬁz + € BS — €). We can proceed in this manner step
by step to construct [ in the whole interval (a, y).

We proceed to prove that

(3.16) Erx(a, y) < oo for any x € (a, y).

Let 0 ,b  be C? functions, On(x) >0 for all x, on(x) =1, bn(x) =0 ifx<a-1,
orif x>y + 1, and as n — o, 0 (x) — olx), b _(x) — b(x) uniformly in [a, y)
We shall first show that

(3.17) Eri(o, y) < C< o

where C is a constant independent of 7, and = r:’c(a, y) is the exit time from
(a, y) of the stochastic process d)n(t) (with ¢n(0) = x) corresponding to o,.b, .
The function f(x) constructed above for 0, b is good also for ¢ _, b if n is

sufficiently large, that is,

(3.18) Lf= (1/2)032/”.+ b f'<-v in (a,y),

except at a finite number of points y,,---, Yy, where {"(x) has a jump; v is a

positive constant independent of 7.
. . . . ",
Let {g_(x)} be a sequence of continuous functions which approximate / (x)

in the following manner: g _(x) = fx) if |x - y].| > (1/m) forall 1<j</, and

gm(x) connects /"(y]. - 1/m) to /"(yl. + 1/m) linearly. It is clear that the functions

/m(x) =f(a) + [ (2)x + f: f: gm(z)a’zdy
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satisfy [ (x) — [(x), f:n(x)—> f'(x) uniformly in (a, y), as m — o, and
[ilx) =g (x)
Since [ isin Cz, we can apply Itd’s formula and get
™™ AT
619 E 0,67 AT 1,0 =E{[¥ L,/ 0 (Vs

for any T > 0. Let
Ein ={,0); 0<s<r AT, ¢ (s) - yjl < 1/mi.

Let du be dt x dP. Then
. T
WE? )< E {fo X(’)’].-l/m,'}’].+l/m)(¢n(s))ds}

T .

where pn(t, x,y) is the transition density for the diffusion processes correspond-
ing to 0, b ; it exists by our assumptions on 0 , b .

Since Ln/m(qﬁn(s)) is a bounded function of (s, w) and since Ln/m(an(s)) =
Ln/(¢n(s)) for all (s, @) not in U].Efn, we can apply the Lebesgue bounded
convergence theorem in passing to the limit (m — ) on the right-hand side of
(3.19). Since the left-hand side is bounded by a constant C' independent of m,

n, we get
, AT
-C'<E fo L /(¢ (s))ds;
the set of points (s, ) at which f(¢ (s)) = y; is of measure zero. Using (3.18)
we conclude that vE(rZ AT)<C', i.e., (3.17) holds. The same proof gives
(3.20) Efrfa-n,y + i< C

if n is sufficiently small.
Now, for each T >0, sup,___r EIan(s) - ¢(s)|2 — 0. Using this and the martin-
gale inequality, we get for any p > 0,

p {Oss;,spr 6 (1) - $(0)] > z#} <P { S 18,46 (D) = bas))] ds > #}

e P{ sup [, 10,6, - sgNas

0<t<T

y

— 0 if n — oo,

Consequently,

r(a, ) AT< lim Ma-7,y+n) AT.

n — o0
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Employing Fatou’s lemma and (3.20), we find that E{rx(a, y) AT} < C. Taking
T / o the assertion (3.12) follows.

To prove (3.13), approximate o{x) uniformly in (Bo’ 'Bk+l) by Lipschitz con-
tinuous functions On(x) such that on(ﬁl) =0, on(x) >0 if [‘31 <x <y+mn, for
some 0<7n<f, ,~-7y. From the first part of the lemma we have E{r(8,, y + n} <o

where 7" is the exit time corresponding to o, b. Hence by Theorem 2 of

(4, p. 1501,
Pig (B, y+m)=y+ni=1

for any n. Since Tx(ﬁl’ y) is finite a.s., and since for any T >0

P - L — 1 — o0
{02;15 IQSn(Z) q’)(t)l > /27]} 0 if n N
(3.13) follows.

Theorem 3.3. Assume that o{z), b(z) are periodic of period 2m, and that there
is only a [inite number of points B, <, <...< B, in [0, 27m) where o(z) vanishes.
Assume also that either (i) b(ﬁ’j) >0 for 1<j<k, or(ii) b(ﬁj) <0 for 1 <j<k
Let

Tn=inf{t; &) -y =2nn)  (n=11, £2,...)

If (i) holds then 0 < E(TI) < oo,

. ) 27
p lim 2._ - =1
(3.21) ¢0{t—0°° t E(TI)
and
(3.22) 20 < (1) < 2(n + Dz when T,<t<T_..

If (ii) bolds then 0 < E(T_,) <o,

. o) 27
3.2 P 1 LRSS g
3.23) qu{ti»moc t E(T_l)
and
(3.24) ~2(n + Da< dt) < =2nm  when T <t<T_ ..

Proof. The assertions E(Tl) < o and (3.22) (in case (i) holds) follow from
Theorem 3.2. As in the proof of Theorem 3.1, the strong law of large numbers
can be employed to deduce that Tn/n — E(Tl) a.s. if 7 — oo. Combining this
with (3.22), the assertion (3.21) follows. The proof of (3.23), (3.24), in case (ii)

holds, is similar.

4. One stochastic equation (continued). Consider the case where

(4.1) oa)=0B)=0, olx)>0 if a<x<}f,
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(4.2) bl@) >0, b(B)<oO.

Let & <A<p<f and take ¢, € (A, p). Denote by 7' the first time ¢(¢) exits
(A, ) at p, and by 72 the first time > 7! that () hits A. In general, denote by
r27+1 the first time >72” that ¢(t) hits g, and by 72"*2 the first time >72"*!
that ¢(¢) hits A. By Theorem 3.2 and its analog in case b(,Bl.) <0 for 1<i<k,
¢(t) remains in the interval (a, B) for all ¢ > 0, and the times ™ have finite

expectation. By the strong Markov property, the random variables p; = 372,

ps = R e independent and identically distributed. Hence, by the strong

law of large numbers,

(4-3) (p3+p5+"'+P2n+1)/n—+ E(p3)°
Similarly,
(4.4) (o, +py+ oo+ pZn)/n — Elp,).

We sum up:

Theorem 4.1. Let (4.1), (4.2) hold. Then for any a <A <pu<B, if ¢,€ A, p)
then a.s. $(t) remains in (o, B) for all t > 0 and it oscillates from X to p; the

number N(t) of oscillations in (0, t) tends to o as t — o, in accordance with (4.3),

(4.4).

Consider next the case where (4.1) holds and
(4.5) bla) < 0, b(B)>o0.
We shall prove that for any x € (a, B) and for any small ¢ > 0,
(4.6) E{rx(a—— & B+ )} < o

The proof is similar to the proof of (3.12), once we construct a function f(x)

. . ! . . . "
with continuous [ and piecewise continuous [ such that

4.7) Lfx)<~v in (@-¢ B+e
where v is some positive number. Take
x —-a if a—e<x<a+e
f(x) = x - a—Ax —a-e?? if a+e<x<B-¢

B-a-e-AB-a-2)P[1 - 22p(B - a-2022"1)x = B + o).

One easily verifies that if p and A are sufficiently large then (4.7) is satisfied.

Suppose
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U S << <o < Bo<B< e <B< B,
(4.8) ola)=0 (0<i<l+1), 0(BJ.)=O (0<j<k+1),

olx) >0 if x € (a5 B,,,) and x £a, x4 B.

Suppose also that
(4.9) bla)<0 (0<i<h, b(B)>0 (0<;j<k)

Then, for any a € (O'-,+1, a,), Be (Bk’ 6k+1) we can construct in (@, 8) a func-
tion f(x) which is piecewise C? and satisfies Lf <-v <0. This leads to the

following result.

Theorem 4.2. If (4.8), (4.9) hold then for any a € (al+1, al)’ Be (Bk’ '8k+1)’
x € (a, B)y E{Tx(a, B)} < oo,

Notice (by Theorem 3.2) that after ¢(¢) exits (OLO, B,)» it does not re-enter
this interval in any future time.

Let the assumptions of Theorem 4.2 hold, and let @ € (a |, OLO], Be [[30, Bl).
We shall compute the probability that ¢(t) exists (&, B) at B. Let ye (ay, By)s

x 26(u)
(4.10) ®(x) = exp {— du} .
fy o?(u)
It is easily seen that ®(x) is a smooth function in [&@, B] and
(4.11) a(x) = [ ®(z)dz
JY

is a solution of Ly = 0. Hence, by Theorem 4.2 and It8’s formula (cf. [4, p. 115])
(4.12) Pl (@ B) = Bl = (7 (x) - 7 @)/ (@ (B) - w@)).

So far we have considered only the cases where at the points A where
o(X) = 0 the drift 5(A) £ 0. We shall now consider the case where both o, b
vanish at some points. The proof of Theorem 1.1 (with ™€ replaced by (x £ A)~¢)
shows that when o(A) = 5(A) = 0, &(¢) cannot intersect ¢ = A for any ¢ > 0.
Suppose (4.1) hold and let a <y < 8. Introduce ®(x), #{x) as in (4.10),
(4.11). The process n(t) = m{p(t)) satisfies

(4.13) dn = 5(p) dw

where 6ly) = q)(ﬂ-l(y))a(ﬂ_l(y)), 71 being the inverse function of 7. Denote by
t* the exit time of 7(¢) from the interval (m(a), 7(B)). Then the solution ¢(t) of
(3.1) satisfies

(4.14) (1) = n(e) if 1<%
In particular, 7 (a, B) = t* (if ¢(0) = x).
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Theorem 4.3. Let ¢(0) =x, a <x <. (i) If (@) = —c0, 7(B) = 0 then
a <¢t) <B forall t >0 and

lim () = mf Ht)=a as., Tim ()= sup o) =B a.s.
t—o00 ¢ >

t —o0

(ii) If Ma)> —oo, 7(B) = 0o and bla) = 0, then a < ¢(t) <P for all t > 0 and
lim &) = mf o) =a a.s. sug d()< B a.s.
t>

t —o00
(iii) If ma) = —o0, m(B) < = and b(B) = 0, then o < ¢(t) < B forall t>0and

lim &(2) = sup #(t)=B as., inf ¢(t)>a a.s.

t—o00 t>0
(iv) If M) > = oo, m{B) < o0, b() = 0, and b(B) = 0, then o < for all t>0 and

P{tlimw p(1) = a} = P{ligfo (1) = a} =%,

Pliin 40~ )= Plsup 40 - g} - ::;; ),

Proof. (i) Lemma 1 of [4, p. 115] applied to (4.13) gives
P{sup n(t) = OO} = P{Fn 7(t) = oo} =1.

t>0 t —o0
Since, by (4.14), sup 7(t) = = if and only if sup @(¢) = B, the second part of (i)
follows. The proof of the first part is similar.

(ii) Since b(a) = 0, @(¢) cannot cross ¢ = a for any ¢ > 0. It also cannot
cross ¢ = f3 (since 7(t) < oo for all t). Thus a < ¢(t) < B for all ¢ > 0. Since
7(t) > n(a) for all ¢, the proof of Lemma 2 in [4, p. 116] can be modified, re-
placing x = —o by x = m(a). This yields the assertions of (ii).

The proof of (iii) is similar to the proof of (ii), and the proof of (iv) is ob-
tained by modifying the proof of Lemma 3 in [4, p. 117], replacing + o, —c by
7(B) and m(a) respectively. Here the assumption b(a) = b(8) = 0 ensures that
7(t) remains in (7(a), 7{(B)) for all t.

Note that if 5(8) <0 then 7(B) = =, and if b(a) > 0 then n(a) = -

Hence, the only cases that have not been covered so far (by Theorems 3.3, 4.1—

4.3) are

4.15) b(a) = 0, b(B) > 0,
and

(4.16) bla) < 0, b(B)=0

If (4.15) holds, () > a for all ¢, but @(t) may cross ¢ = B (as is evident
from Theorem 3.3).
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Theorem 4.4. Let (4.1), (4.15) hold and let x € (a, B). If n(a) = — then
r (a, B) <eo a.s. and

(4.17) Pio(r (a, B)) = B} = 1.
If n(a) > —c then ¢(t) > a a.s. for all t >0 and
(4.18) P{(r (a, B)) = B} = (alx) - a(a))/ (#(B) - nla)),
. . (B) — alx)
4. P{ lim = = = = ﬂ—_..
(4.19) {[l:e'o () a} P{lu:g B(2) a} AB) — @

A similar result holds in case (4.15) is replaced by (4.16).
Proof. By Theorem 3.2, E7 (a + ¢, 8) <o for any € > 0. We therefore have
the formulas

(4.20) Pig(r (a + ¢, B)) = B} = (nlx) - wla + &)/ (@(B) - nla + €)),
(4.21) PiopG (a+ e, B)) = a+ ¢ = (nlx) - nla + )/ (7(B) - nla + ).

Since ¢(t) does not intersect ¢ = & at any time, one can easily show that
{p(r_(a, B)) = B = U0 (¢ (a+e B) =Bl
€~

Using this in (4.20) with ¢ — 0, the assertions (4.17), (4.18) follow. The asser-
tion (4.19) follows from (4.21).

5. Behavior of the angular motion. Theorems 3.1, 3.3, 4.1—4.4 can be
immediately applied to the equation (2.7) with &, b given by (2.5), (2.6). Notice
that (3(¢))? is a homogeneous polynomial of degree 4 in (cos ¢, sin ¢). Con-
sequently, (¢) is periodic of period 7, and it can have at most two zeros in the
interval [0, 7). The function bN(qS) is also periodic of period =.

The following possibilities may take place:

(i) 7(¢) has two distinct zeros $,» ¢, in the interval [0, =).

(ii) o(¢) has one zero in the interval [0, 7).

(iii) ¥(¢) does not vanish in the interval [0, 7).

If (iii) holds then Theorem 3.1 can be applied. If (i) or (ii) holds then
Theorems 3.3, 4.1—4.4 can be applied; the asymptotic behavior of ¢(t) will de-
pend only on the sign of 2;(95) at the points ¢ where '&'(cﬁi) = 0. The following

simple lemma is therefore of crucial importance.
Lemma 5.1. If for some ¢, 0(¢) =0, then b(p) = (BA, AL).
Proof. By formula (2.5),

n 2 n
0= 3 ( > ENK) = 3 6, sin 6 -5, cos )2

r=1 ,
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where S = o}r cos ¢ + ofr sin ¢ (i = 1, 2). Next, by (2.6),

~ n 2
B#) = (BA, AY) =~ (@@ A ==Y % Uf’Ako]ji)\s)\i)\‘;
r=1 iy].tk»5=1

n
=- Zl (S, cos ¢ +S,, sin pN-S, sinp+ S, cos ¢l
r=

Since the right-hand side vanishes whenever 0(¢) = 0, the assertion of the
lemma follows.

By Lemma 5.1, the sign of 5(¢), at the points where &(¢) = 0, depends
only on the deterministic system (0.1). This enables us to compare the behavior
of the solutions of the stochastic system with the behavior of the solutions of

the deterministic system. We shall give one consequence of this observation.

Theorem 5.2. Let (i) or (ii) hold. If for the deterministic system (0.1)
(I=2) ¢t) > = as t — oo, then the same is true for the stochastic system
(0.2), ice., if x(t) = (r(¢) cos &(t), r(t) sin &(2)), then a.s. P(t) — o as t — oo}
in fact [¢(t)/t] — 2a/E(T ) (0 <E(T ) < o). Similarly, if $(t) — - as t — —oo
for the deterministic system, then a.s. [¢p(t)/t] — —277/E(T_1) as t — oo
(0< E(T-l) < o).

Proof. In the deterministic case, |¢(t)| — o as ¢t — oo if and only if the
origin is a focal point (spiral or vortex). This is the case if and only if the
eigenvalues of B are nonreal, i.e., if and only if (BA, MY £0 forall A=
(cos ¢, sin ¢). Now use Lemma 5.1 and Theorem 3.3.

If the eigenvalues of B are real (of the same sign for nodal points, and of
different sign for saddle points) then (BA, A') does not have a fixed (positive or
negative) sign. Nevertheless, the stochastic solutions may still spiral in accord-
ance with Theorems 3.1, 3.3 if either (iii) holds and A (defined in (0.4)) is £ 0,
or if (ii) holds and (BA |, )\"i) # 0, or if (i) holds and (B?&i, )\;"} is positive for
i=1, 2 or negative for i =1, 2; here )\i = (cos ¢i’ sin ¢>1.). In all other cases,
the stochastic solution does not spiral, but Theorems 4.1—4.4, in conjunction

with Lemma 5.1, can immediately be applied.

6. Application to the Cauchy problem. Consider the Cauchy problem

Ou/0t = Lu for t > 0,

(6.1)
u(0, x) = f(x) in RY (1=2)

where Lu is defined by (1.2), (1.3) with /= 2. Note that L is a degenerate

elliptic operator with unbounded coefficients. Suppose the second derivatives

of f(x) are continuous and
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(6.2) ID7 7)< C+ |x1%) (0<j<2;b>0)

where C, b are constants. Then there exists a unique solution of (6.1) satisfying
in each strip 0 <t < T,

(6.3) lult, %) < ML + |x]?)

where M is a constant depending on T. Indeed, if fx(t) denotes the solution of

(1.1) with fx(O) = x then, by standard arguments [4], the function
(6.4) u(t, x) = E{f(£ ()}

is a solution of (6.1). The uniqueness, even within the larger class of functions
ult, x) satisfying a polynomial growth |u(t, x)| < C(1 + lxlk) in each strip
0<¢<T, where C, K are some positive constants depending on # and T, is
proved in Problem 2 of {2, p. 56). In the sequel, by a solution of the Cauchy prob-
lem (6.1) we shall mean the function given by (6.4) (even when [ is not continuous).

With &, b defined in (2.5), (2.62& we make the following assumptions:

(A) If () £0 forall ¢ then A (in (0.4)) is # 0; if (¢) vanishes in
[0, #) and its zeros are ¢, ¢, (they may coincide) then either (B)\l., )\j) is
positive for 1 =1, 2 or (B)\i, )\ll.) is negative for i =1, 2.

(B) f(x) is independent of the radial variable, that is, there is a function
glé) periodic of period 27 such that f(x) = g(¢) if x = (r cos &, 7 sin &).

Notice that if (A) holds then the stochastic solution $(2) spirals and either
E(T)) <oo (if () — ) or E(T_)) <o (if H(t) — —). We shall need the fol-

lowing lemma:

Lemma 6.1. If (A) holds with E(TI) < oo then T1 is not concentrated on any

lattice of the form tna; n=1, 2,--+}, a real.

Proof. The assertion of the lemma is equivalent to the assertion that the
equation 1 = E{ einI} (y real) has a unique solution y = 0. In proving the lemma
we shall use the fact that 8(¢) does not vanish identically, i.e., there is a point
¢, €(0, 27) and a 6> 0 such that F(p) > 0 if | — ¢, <8 We can take & such
that 0<¢py -8, p,+8<2m Lec I, =1[0,¢,-9), I, =[py -8, ¢,+0), I, =
¢y +9, 27, and lee T, =U +U,+U; where U, = inf{>0; (1) = ¢, - 0},

U, = inf{t > 0; &8) = bo + 54, U, = inf{t > 0; #(#) = 2m}. By the strong Markov
property,

E () - EO(elyul)E%_s(elyUZ)Eqso+8(elyu3).
Since |eiij| <1, each expectation on the right-hand side is < 1. Thus, in order
"% <

if y £ 0. This is equivalent to showing that, when »(0) = by - 8, U, is not con-

to complete the proof of the lemma it suffices to show that |E¢ _s

centrated on a latrice of the form {a + »B; n=1,2,...}; a, B real. For this it
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suffices to show that P, (U, <t) >0 for any ¢> 0. But the function w(t, x)

= Px(U2 <t) fort>0, —6—€<x— b, <0 (€ > 0 and sufficiently small) satisfies
dw/dt = %(F())? 0%w/0x? + B(x) dw/ %,

and w(0,x)=0 if 8- €e<x -, <8 wl,dpy+8) =1if t>0. Since Fx)>0

if ~-6-€e<x-¢,<8 and ¢ is sufficiently small, the strong maximum principle
[2] can be applied to conclude that w(t, x) >0 if t >0, =6 - e <x - ¢y <O
Hence P¢’0' S(Uz <t)> 0.

Theorem 6.2. Let (A), (B) hold. Then the solution ult, x) of the Cauchy

problem (6.1) satisfies liml__m u(t, x) exists for any x € Rz, x £ 0.

Proof. It suffices to prove the theorem in case ¢(t) — = as t — o. In this
case E(T,) <eo. Consider the function u(t) = E{g(¢(t))} where ¢(¢) is the solu-
tion of (2.7) with ¢0= x. What we have to prove is that

(6.5) lim «(z) exists.

t--00

Note that «() is a bounded function.
We introduce the Laplace transform V(s) = fg° e “tult)dt, s = A +ip, A> 0.
Then

V(s)=E {fow e’s'g(tﬁ(t))dt} = E{i fTTn 1 e'Slg(di'(t))dt}
n=1 n-—

-sT

) Tob
- Z=l E{e n=1 f 1T, e—slg(¢(t)06Tn—l)dt}

0

where 0. is the translation operator. Using the strong Markov property and the
representation T, =T + (T, =T )+--- (T _ =T _,) of T _, asasum
of independent and identically distributed random variables, we get
00 -sT T1
_ 1\1» -st
v = 35 (et e[ e s
(6.6)
Tl ‘-ST1
b f ettt /0 BT
If A>0, s #£0, then
-sT .
Rell - Ele” D= [7(1~e™ cos u)P(T, €dt) >0

by Lemma 6.1. Hence

~sT
6.7) 1-Ee D40 if A>0,s#0.

We can write
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T 00 [>2]
(6.8) E{ fole'“g(¢'(t))dt}= Jo e Bl o ht = [ e k) ar

where
6.9) k(2) = E{g(¢(t))x(ts,rl)} belongs to L1(0, )

since E(Tl) < oo,

Consider the function
-sT, 00 00
6.10) Y(s) =1 - E(e  1)/s = fo @ - e"‘)/s)P(Tle dt) = fo e™SP(T, > .

Since E(Tl) < oo the integrand
(6.11) ht) = P(TI > 1) belongs to LI(O, ).

We now introduce the constant A = E{fOTl g(#(2)) dt} and consider the func-
tions 2(#) = u(t) - A, (1) = g(t) — A. Then 2(¢) = E{g(¢(t))} and, by (6.6), (6.8),
(6.10),

ft(:)o e-stE{é‘((ﬁ(t))x(lsTl)}dt N(s

1
= - —=

D(s

~

(6.12) Vs) = fow e” %) dt = ;

~

Io" e™tP(T, > ddt

where N(s) stands for the numerator and D(s) stands for the denominator. We
would like to apply the tauberian theorem of Landau-lkehara [8, p. 130] which

states:

If 2(2) is bounded below, if ¥()e™ € LN0, ) for any A >0, if Viip) =
lim, . V(A + iw) exists for almost all p and is locally integrable, and if
M ~ ~
. li VA + i) = V(i) dp — 0
(6.13) )\1—?:) M | + ip iy | du
for any M >0, then, for any 8> 0,

6.14) [ M0de =0 if x—

x=3

., Inour case, 2'(t) is uniformly bounded and from (6.6)—(6.11) it is clear that
V(ip) = V(iu + 0) exists and is bounded for p in any closed bounded interval I

that does not intersect the origin, and
(6.15) fl IV + iw) = V)| dp — 0 if p — 0.
To study the behavior of V(s) near s =0, write

o pmNE=IHL _
Ns)_ fmen 7 -1 Elg(@x, g}t

s 0 A+ pi
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The fraction in the integrand is bounded by C't, where C' is a constant, and

Jo HEt@Wx, cpplldrs C [ 7 B! X sryldt < C EIT]} <oo,

(In fact, since Ex(Tl) <c <o for ;ll x, where c is a constant, the strong

Markov property implies that Etfe” " 1}< o for some y > 0.) It follows that
N(s)
_—

3 ~Jo tE{g(qS(t))x(tsTl)fdt if s —0,

and the integral is finite. Recalling (6.12) we easily conclude that (6.15) holds
also for bounded intervals I which contain the origin. Thus the assumption
(6.13) in the above cited tauberian theorem is satisfied. The assertion (6.14) is
therefore valid.

Now, as easily seen, for any ¢, t' in [0, o),
Elé(t) = p(t")|? < Clt = '| (C constant).
Since glg) is Lipschitz continuous, we get
lu(2) = ult)| < C|t - K

with another constant C. Hence,

05 2(7) - ft”sx(z')d/

5 <2832,

Using (6.14) we conclude that ml_’w [Z()] < 2C8%, ie., 2(t) — 0 if t — .
This completes the proof of (6.5).
As a by-product of the proof we obtain

T
1
(6.16) lim ult,x)=E {fo g(¢(t))dt} , where x = (cos &(0), sin ¢(0)).
t —o0
Consider now the case of a general initial function f(x) and suppose that
6.17) f(r cos ¢, 7 sin @) — g(¢) uniformly as 7 — .

Suppose also that

(6.18) OM) >0 for all A = (cos ¢, sin @)
where Q(A) is as in (1.4). Then we can state

Corollary 6.3. If (A), (6.17) and (6.18) hold, then the assertion of Theorem
6.2 is valid.

Indeed, by Theorem 1.2, /() — . This and (6.17) imply that
ult, x) - E{g((ﬁ(l))} —0 if t — oo

Now use Theorem 6.2.




22 AVNER FRIEDMAN AND M. A. PINSKY

We shall give another application to the Cauchy problem. Let

(6.19) 3‘(¢>1)=?7'(¢2)= 0 where 0< ¢, <o, <7
and suppose that

(6.20) (BAj; A1) >0, (BA, A5y <0

where A = (cos ®,> sin gbl.), )\Ji' = (-sin ® > cos ¢>i). Denote by S the set

{(r, ); r>0, b, <P< b, or p;+7<P< ¢, + 7. S consists of two sectors.
From Theorem 4.1 we deduce that if x € S then «fx(t) €S for all ¢+> 0. Using

(6.4) we conclude

Theorem 6.4. If (6.19), (6.20) hold then for any x €S the solution u of (6.1)
at the points (¢, x), t > 0, depends only on the initial data [ restricted to S.

Thus the domain of dependence of the set {(z, x) € [0, ) x S} is S.
Further results of the same nature can be obtained by employing Theorems 4.2—4.4.
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